APPENDICES

Appendix A Derivation of the Infinitesimal Gen-
erator

For completeness, we recall the multidimensional Itd formula (see Oksendal,
2013, and Fleming & Soner, 2006). Let

X(t> = (Xl(t)7X2<t)7 s ’Xn(t))

be an (n)-dimensional diffusion process satisfying

dXi(t) = pi(t, X),dt +> 035, X),dW;(t),  i=1,...,n, (Appendix A.1)
j=1

where (W (t) = (Wi(t),...,W,,(t))") is an (m)-dimensional Brownian mo-
tion. If (G(t, X) € C12([0,T] x R™)), then Itd’s formula yields

n 1 n n
dG(t, X (1)) =, Gy(t, X),dt + Y Go, (£, X),dX;(t) +5 3> Gaa, (. X),dXi(t), dX;(t).
i=1 =1 j=1
(Appendix A.2)
Substituting (Appendix A.1) into (Appendix A.2) gives

dG(t, X =|Gt + Zﬂszl t5 Z Zaw T

lel

dt +§:<§:O’lkG )de )

k=1

(Appendix A.3)
where

aij = Z Oik0jk, ,j=1,...,n, (Appendix A 4)

is the covariance matrix of the diffusion process.
For our problem by applying It6’s formula to the value function (G(t, z1, 22, $1, $2)),
we obtain



dG =, Gy, dt + Gy, dXy + Gy, dXs + Gy, ,dSy + G, dSs
1 1 1 1
+ §GI111 (dX1)2 + EGIzIz (dX2)2 + §G5181 (dsl)2 + 508282 (dSQ)Q

+ GmlmdeldXQ + GmslXmdSl + G$252dX2dSQ.
(Appendix A.5)

Substituting the controlled wealth dynamics for insurer and reinsurer we
have the following:

dX, (1) = [roXl () ((bl(al F(1=A\)d —InSy) — 7"0) +a(m — ngq(t))} dt

+mi(t)or, dWy + bl(l —q(t)), dWy,
(Appendix A.6)

dXQ(t) = |:’I“0X2 =+ 7T2(7f) ((152(042 =+ (1 — )\2)(52 —In Sg) — 7“0) + angq(t)} dt

+ 7r2(t)027 dW2 + blq(t)a dW07
(Appendix A.7)

together with the risky-asset dynamics for the insurer and reinsurer we have
the following:

dSl(t) = ¢1 (Oél + (1 — )\1)51 —1In Sl)Sl,dt + 0151, dWy, (Appendix A8)

and

dSQ(t) = ¢2 (CKQ + (1 - )\2)52 —1In SQ)SQ, dt + 0'252, CZVVQ7 (Appendlx Ag)

into (Appendix A.5) yields



dG = G, dt
+ G {[roXa +m (é1(en + (1= \)81 = InSy) = 7o) + alm — nsq)| at
oy dWy 4 bi(1— q) dWO}
+ G { [r0Xz + 72 (62002 + (1 = X2)8 — In.S3) = 7o) + anmga] dt
+ Taoa AWy + g dWO}
+ G {n (o + (L= X)61 — 8 ) Sy dt + 0,81 Wy }
+ G {02 (00 + (1= X002 — 0.5 ) S dt + 728, AW, |
1
2

1 1 1
+ §GI1$1 (dX1)2 + §GJE2€E2 (dX2)2 + §G8181 (dSl>2 + G8252 (dSQ)Q

+ GzlmdeldX2 + leslXmdSl =+ Gw252dX2dSQ.
(Appendix A.10)

Using the It6 multiplication rules

(dW;)? = dt, dW;dW; =0, i+ j,

we obtain
(dX,)* = {W%U% + b1~ Q)ﬂdt, (Appendix A.11)
(dX5)* = [W%aé + b?qQ]dt, (Appendix A.12)
(dS1)* = o7 S%dt, (Appendix A.13)
(dS2)* = 0353 dt, (Appendix A.14)

The mixed quadratic variation term dX;dXs arises because both wealth pro-
cesses are driven by the common Brownian motion W°(t), which represents the
aggregate insurance risk.

dX1dXs = b2q(1 — q), dt, (Appendix A.15)

The mixed quadratic variation term dX;dS; arises because both the insurer’s
wealth process X (t) and the risky asset price process Si(t) are driven by the
common Brownian motion W!(¢). This common source of uncertainty generates
the cross-partial derivative term Gy, s, in the infinitesimal generator.

dX1d51 = 7T10'%51, dt, (Appendix A16)



The mixed quadratic variation term dX2dSsy arises because both the rein-
surer’s wealth process Xa(t) and the risky asset price process Sa(t) are driven
by the common Brownian motion W2(t). This common source of uncertainty
generates the cross-partial derivative term G, s, in the infinitesimal generator.

dX2dSy = Tp03 Sy, dt. (Appendix A.17)

Substituting the above quadratic variation terms into the drift component
of (Appendix A.5) and collecting like terms yields

dG = A™ "2 G dt + martingale terms.

Hence, the infinitesimal generator is given by
ARG =@y + [roxl () (¢1 (a1 + (1= \)dy —Insy) — ro) +a(n — nsq(t))} G,
+ [roma + ma(t) (62 (a2 + (1= X2)85 — ns3) — 7o) + ansa(t) | G,
n [¢1(a1 F (1= A6 — lnsl)sl} G, + [¢2 (a2 + (1= Xa)da — In 32)32}(}52

1 1
+ 5[ 00F + B0 = a(0)] Gara, + 5 [7F ()03 + V16 (1)] Gy

2 2
1 1
+ 50'%8?6:8181 + iagngszsz + 7T1(t)0'%51, Gl‘1s1 + 7T2(t)0'§$2, G-'L'252+

bia() (1 = q(1)) Gy
(Appendix A.18)

which corresponds to Equation (2.14) in the main text.

The application of 1td’s formula produces both drift terms (proportional to
dt) and stochastic terms (proportional to dWy(t), dWy(t), and dWs(t)). The
stochastic integrals with respect to these Brownian motions define local martin-
gales. Since

E:[dW;(t)] =0, 1=0,1,2,

their conditional expectations vanish. Consequently, the stochastic terms do
not contribute to the infinitesimal generator. More precisely, the generator is
defined by

E.|G(t+ At, X (t + At)) — G(t, X (1))
A2 G = lim ,
At—0 At

where E,[-] denotes the conditional expectation given the information avail-
able at time t. Since the martingale component has zero conditional expectation,
only the drift component contributes to the above limit. Therefore, the infinites-
imal generator A"1*2 is obtained by collecting all terms multiplied by dt in the
It6 expansion, while the stochastic dWW-terms vanish after taking conditional
expectations.




Appendix B Proof of Theorem 1
Proof. Let (m1,m2,q) € A be an arbitrary admissible control, and let
(X1, X2, 51, 52)

denote the corresponding controlled state process. Since the coefficients of the
state equations are continuous and satisfy the standard local Lipschitz and lin-
ear growth conditions, the state process admits a unique strong solution.

Moreover, the candidate value function
Ve ol2.222

satisfies the growth condition stated in Assumption 2. Together with the ad-
missibility condition

T
E/ (Im () + [m2(t)* + lg(8)[?) dt < o,
0
this implies

E{ sup [V (t, X1(t), X2(t), S1(), Sa(t))|| < oo,
0<t<T

so that all expectations appearing below are well defined.
Applying It6’s formula to

V(tv Xl(t)7 X2(t)a Sl(t>7 SQ(t)>
gives
av = (vt n Uw’qv) dt + dM;,

where (M) is a local martingale. Since the admissible controls satisfy the
square-integrability condition and the candidate value function satisfies the
growth condition in Assumption 2, the stochastic integral defining (M) is square
integrable. Consequently, by standard martingale theory, (M;) is a true mar-
tingale and therefore

E[MT—Mt|.Ft]:O
Integrating from (t) to (T) yields

V(T, X, (T), XQ(T), S (T)7 SQ(T)) = V(t, T1,T2,81, 82)+
T
/ (vu + U‘l’”?’qV)du + My — M,
t

Since (V) satisfies the HJB equation,



sup {V} + L'T”’”Q’QV} =0, (Appendix B.1)
(m1,72,9)€EA

it follows that

V, + LT0T2AY < (.

Hence

V(T, Xl(T), )(2(71)7 Sl(T)7 SQ(T)) < V(t, T1,T2,81, 82) + MT — Mt.
Taking conditional expectations and using the martingale property gives
E[V(T, X1(T), Xa(T), $1(T), $2(T)) | Fi| < V{t,a1,22,51,52).

Using the terminal condition,
E[U(X1(T), Xao(T) | o] < V(t1,03,51,52).
Since the admissible control was arbitrary,

G(t,xl,xg,sl, 82) S V(t,$1,$2,81,32).

Now consider the admissible control

(71,73, 47)-

Since the admissible control

(71, 73,47)

attains the supremum in the HJB equation,

Vi + LT = 0.

Furthermore, by Assumption 5, the control

(1, 73,47)

is admissible and therefore belongs to the admissible control set A. Conse-
quently, the above argument applies equally to the candidate optimal control.
Applying It0’s formula again yields

V(T, X7 (T), X5(T), S1(T), S3(T)) = V(¢ w1, 22, 51, 52) + My — M.

Since all expectations are finite by Assumption 2 and the martingale property
established above, each expectation below is well defined.

Taking conditional expectations gives



V(b1 a2,51,52) = B[U(X (1), X3(1)) | 7).

Therefore

V(t, I1,T2,81, 52) S G(t, T1,T2,81, 52).
Combining

G(t,x1,x2,51,52) < V(t,x1,22,51,52)
and

V(t7 T1,T2,851, 82) S G(t, T1,T2,851, 82)
yields

V(t, 21,22, 81,52) = G(t, 21,72, 51, 52).

Hence, (77,75, ¢") is optimal.
O

Corollary 1. Let V (¢, x1,x2,51,82) be the candidate value function obtained
and let (75,75, q*) denote the corresponding candidate optimal controls derived
from the first-order conditions of the HJB equation. If (V') satisfies the assump-
tions of the Verification Theorem and the controls (75,75, q*) are admissible,
then

V(t, T1,T2,81, 52) = G(t, I1,T2,81, 52)7

and the controls (7}, 75, q*) are optimal.

Appendix C Verification of Optimality Condi-
tions

To verify that the candidate controls correspond to optimal solutions, we exam-
ine the second-order derivatives of the Hamiltonian with respect to the control
variables.

For the investment controls, we obtain

82 (AK17K2G> T
(2 ) —,51026”)( *t)’
on? G !

and
9? (.A’“’“?G> )
= ) = —620'2670(T_t).
or3 G 2

Since

By >0, Ba >0, 0% >0, o3 >0,



it follows that
872 AKl’HQG < 0 872 AKl’RZG < O
or? G ’ or3 G '

Hence, the Hamiltonian is concave with respect to the investment controls
m1(t) and mo(t).

For the reinsurance control ¢(t), differentiating the ¢(¢)-dependent part of
the infinitesimal generator A"1*2G with respect to ¢(t) gives

o)
m (A" G) = —nzaGy, +773aG12*b%(1*Q)Gm1z1 +b%qu2r2 +b%(1*ZQ)Gmr2-

Setting

0
—— (A""2G) =0
dq(t)
yields the candidate optimal reinsurance strategy ¢(t).
Differentiating once more with respect to ¢(t) gives

32
dq(t)?
Substituting

(Am#ﬂz G) = b%Gmll’l + b%G$2I2 - 2b%G1112'

Goray = B2 T NG, Gupyy = B2 TDG, Gupyy = BT 70G,

yields
Fa (AT G) =0 TOG (8] + 5 —2815)
Hence,
82 2 2 2ro(T—t
Fgre (A6 = BBy — po)PeTOG,

The sign of this expression depends on the sign convention adopted for the
value function. Consequently, the admissibility conditions and the multiple-case
analysis presented in Theorem 2 are used to determine whether the interior crit-
ical point or one of the boundary controls yields the optimal reinsurance strat-
egy. Accordingly, the optimal solution may correspond to the interior dynamic-
retention regime or to one of the boundary cases ¢*(¢) = 0 or ¢*(¢) = 1, depend-
ing on the parameter configuration and the admissibility constraints. For the in-
vestment controls 7 (t) and w2 (t), the second-order derivatives remain negative,
implying concavity of the Hamiltonian with respect to these controls. There-
fore, the first-order conditions yield the optimal investment strategies 7 () and

75 (t).



Appendix D Table of results and Proof of The-
orem 2

Table 1: Classification of the optimal reinsurance regimes

Optimal retention ¢*(¢)

Conditions

Case

)= 4 <t<T
3

(Fixed proportional risk
sharing.
The retention level remains
constant and is independent
of market conditions.)

2
ans

1<
b3 Bamy + b3B1(ns — m)
(Appendix D.14) provides the value function.

a
and '3 < e Equation

2
ans
1< 7
b2 B + b2B1 (13 — 1)
an% < eTot < % (WT (t)vﬂ-; (t)) are (1\/)
b%ﬁin + b%ﬂl (773 — 771) - — b%ﬁl )
t1 <t<T.

shown in 4.1 where (Appendix D.33) provides the value
function.

an3
b3Bam + b3f1(ns —m)’
an3

b3 Bam + b3 B1(n3 —m)
(w5 (t),5(t)) are shown in 4.1 where (Appendix D.37)

provides the value function.

1<

>et 0<t<T.

* 1 < @ng (“73 < eroT
¢ () =0 b3 Bam + 381 (s —m) " b3y T (m1(8),m3(8) | (i)
(Full risk transfer to the | 0 <t <to.
reinsurer. are shown in 4.1 where (Appendix D.30) provides the

Retaining risk is not
economically optimal.)

value function.

biBam + b1 (s —m) ~ (viii)
1 < a;zz < el C;”B <el  0<t <ty
blﬁl blﬁl

(w5 (t), 5 (t)) are shown in 4.1 where (Appendix D.41)
provides the value function.

Continued on next page




Optimal retention ¢*(t) Conditions Case
an3
0< 5 3 <1
A WO =) T im0 are | ()
0<IB 9 g<t<T.

b3B1
shown in 4.1 where (Appendix D.45) provides the value
function.

q () =
B1 n3a

- an3 a3 _ et
b3 Bam + 0361 (03 —m)’ bibh (i (t), 73 (L))

B B2 T (Bi - o)bRere@—t

(Dynamic risk sharing.
Retention varies with risk
preferences and time to
maturity. )

to <t <t.
are shown in 4.1 where (Appendix D.23) provides the
value function.

ang
" R T Wb — )’
ar ot s (w0, 75(0) axe
bifBam +03Bi(ns —m) — T biBy
0<t<t.
shown in 4.1 where (Appendix D.35) provides the value
function.

0< 5 a217§ <1
biBam + b1B1(ns —m) (vii)
ans roT 113 roT

1< < <, to<t<T.
b%ﬁl b%ﬁl ’

(75 (t),m5(t)) are shown in 4.1 where (Appendix D.39)
provides the value function.

0< @iy <1
b2 +b? — -7 . . .
1+ DB =) (i@ m3(0) | ()
1< <et > 0<t<T.
b3 b3

are shown in 4.1 where (Appendix D.43) provides the
value function.

The proof of Theorem 2 is obtained by applying the dynamic programming
principle and solving the associated Hamilton—Jacobi—Bellman (HJB) equations.
By substituting the candidate value function into the HJB system and deriving
the first-order optimality conditions, the explicit forms of the optimal reinsur-

ance and investment strategies

are obtained. Furthermore, the admissibility

conditions and parameter restrictions divide the problem into several cases,
each corresponding to different regions of the control space. The corresponding
value functions are then verified by substituting the optimal controls back into
the HJB equations, which completes the proof.

ans
Case 1. 1< b2Bam1+b7B81(ns—n1)

and &1 < eroT,
26 <

10




Equation (3.8) shows that g(t) € (0, %) is equivalent to

1 ang
t<t;=T——1In .
= ro  b2Bamn + b2B1(n3 —m)

and 1
ans
t>tg=T— —In——.
’ ro bl
(a.) For t; <t <T we have q > n—;
Then;
=" t<t<T. (Appendix D.1)

Substituting (3.5), (3.6), and (Appendix D.1) into the HIB equation (2.14),
and dividing by the strictly positive function G(t,x1,x2, s1, s2), yields a
reduced nonlinear equation. By collecting terms involving only ¢, only
(t,s1), and only (t,s2), the equation can be separated into independent
components. Hence, the following system of equations is obtained:

(Br — 3B2)(—2mb3B1)
3

ht — roh(t) + mapa — {bfﬂf +

N (B1 — %52)2(277%%1)}6»00(7“—0 —0.
N3

(Appendix D.2)

1
fe+rosi(t)fs, + 50%3%(15”8151
2 (Appendix D.3)

1@+ (= M)E —Imsa(8) =]
2 o? -
L 5o
gt +1082(t)gs, + 5‘7232(75)93232
A dix D.4
1 [(d2(a2 + (1= A2)ds — Insa(t) — 7"0]2 0 (Appendix D-4)
2 o3 -
When h(T) = 0, the solution to (Appendix D.2) is as follows;

h(t) = %(1 _ ero(T*t))_

% 5262 + (61— 55237(3—27715%51) n (81 — %»3?7)2(277%%51)]
3

(ero(Tft) - efro(Tft)).

(Appendix D.5)

Equations (Appendix D.3) and (Appendix D.4) will be solved using the
variable change technique and power transformation to become linear
equations.

11



For equation (Appendix D.3), we are going to have the following power
transformation.

w:51_27 f(tasl) :F(t,UJ)

Applying the chain rule gives

and

with the boundary condition F(T,w) = 0.
Substituting these expressions into equation (Appendix D.3) yields the
transformed equation.

F, —2rqwF, + SwaFw + 20%w2Fww

1 [(¢1 (a1 +(1=X)d—In sl(t)) — r0]2 0 (Appendix D.6)
2 0% ’

In order to solve (Appendix D.6), we have to do the following:
F(t,w) = J(t) + K(t)w. (Appendix D.7)

where J(T') = K(T) = 0.
By substituting the equation (Appendix D.7) and its derivatives into (Appendix D.6)
and splitting into the following two equations:

;1 [(¢1 (s + (1= A1)61 —Insy (1)) — o)
t 5 g%

=0. (Appendix D.8)

K; — 2rowK (t) + 30iwK (t) = 0. (Appendix D.9)

We obtain the solutions to (Appendix D.8) and (Appendix D.9) by taking
the boundary conditions J(T') = K(T) = 0.

2
J(t) = % [(¢1(ar + (1~ Al)j’f‘l —Insy(t)) — 7o) (T —1).
(Appendix D.10)
K(t)=0. (Appendix D.11)

12



In order to solve equation (Appendix D.4) by using the same power trans-
formation:

2 =552, g(t,s2) = H(t, 2).

Applying the chain rule gives

and

93252 == 682_4Hz + 452_6sz.

Substituting these expressions into equation (Appendix D.4) yields the
transformed equation. Motivated by the structure of the resulting equa-
tion, we seek a solution of the form

H(t,z) = L(t) + M(t)z,

where L(t) and M (t) are deterministic functions to be determined. where
L(T)=M(T) = 0.

And )
L(t):%[(¢2(042+(1*>\227522*1H52(t)) — 7o (T—1).
’ (Appendix D.12)
M(t) = 0. (Appendix D.13)

Hence we have
G(T7 T1,x2, 51, 82) =
1
Bigs P (—Brxy — Bawa — ha(£))e™ ™0 4 (J1(t) + K (t)s72) + (La(t) + M(t)s5?).
(Appendix D.14)

where

hi(t) = M(l —ero(T=)y_
To

% 5262 + (61 — 55237(327715%51) L (B — ;5;)2(2U%b%51)]
3
(ero(T—t) _ e—ro(T—t)).

(Appendix D.15)
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~—

and

Ji() = % [(¢1 (o1 + (1 — )\1)521 —Insy () — TO]Q(T ).

71
(Appendix D.16)

K(t) is given by equation (Appendix D.11),

La(t) = % [(¢2 (2 + (1 — )\2)522 —Insy(t)) — To]2 (T —1).

93
(Appendix D.17)

M (t) is given by equation (Appendix D.13).

For tg <t <t; Then;

(t) b1 URI%

TW=dt) =35 TG Ba)b2eroT—1)

to <t <t.

(Appendix D.18)
By substituting (3.5), (3.6), (Appendix D.18) into (2.14) and separating
equations, we are going to have the following decomposed equations with
separating variables:

1 .
hy — roh(t) + afi(n — n3) — ibfﬁfem(T_t) =0. (Appendix D.19)

1
fr+ros1(t) fs, + 50%9%@)]”5151

1 [(¢1 (@1 + (1= A1)6y — Insy (£)) — 7o) (Appendix D.20)

-5 U% =0.
1 59
gt + Tosz(t)952 + 50282@)95252
Appendix D.21
1 [(¢2(02 + (1 = X2)dy — Insy(t)) — o)’ (Appendix D-21)
_ = 5 =0.
2 (5]

When h(T) = 0, the solution to equation (Appendix D.19) is;

CLB — ro(T— 1 ro(T— —ro(T—
h(t) = %(1 - o) — L (a0 — ra(T0)
(Appendix D.22)

Equation (Appendix D.20) is the same as (Appendix D.3) and (Appendix D.21)
is the same as (Appendix D.4) and is solved by power transformation.
Hence, we have

G(T,$1,$2,81,82) -

exp (—Brar — oy — ha ()€™ T + (J1(t) + K(1)s1?) + (La(t) + M (1))
(Appendix D.23)

1
B152

14



where
a — 1
hg(t) _ B (771 773) (1 _ ero(T—t)) _ beﬁ%(ero(T—t) _ e—To(T—t))_
To T0
(Appendix D.24)

and Ji(t), K(t), L1(t) and M(t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).

For 0 <t <ty, we have ¢ < 0 Then;
dt)=qit)=0 0<t<ty. (Appendix D.25)

By substituting (3.5), (3.6), (Appendix D.18) into (2.14) and separating
equations, we are going to have the following decomposed equations with
separating variables:

1 .
he = roh(t) + Bim + SbEBTe T = 0. (Appendix D.26)

1
ft + Tosl(t)fsl =+ 50%5%(t)f3131

A dix D.27
1@ + (1= A)6 —Insi(t) — ro)® . (Appendix )
2 a% =
1 2.2
gt +1os2(t)gs, + 50252@)93232
A dix D.2
1 [(¢2(02 + (1 = A2)d2 — Insa(t)) — 7o) (Appendix D.28)
2 2 =0.
2 o2

When h(T) =0, the solution to equation (Appendix D.26) is;

Bim o (T— 1 o (T— o (T—
h(t) = . (1—e o(T—1)) _ 470()%5%(6 o(T=t) _ g=ro(T t))_

(Appendix D.29)
Equation (Appendix D.27) is the same as (Appendix D.3) and (Appendix D.28)
is the same as (Appendix D.4) and is solved by power transformation.
Hence, we have

G(T,.’E17.’172,81782) =

exp (—Bray — oy — ha(1)e” T + (J1(t) + K (t)s1?) + (La(t) + M (1))
(Appendix D.30)

1
B152

where

hg(t) _ aﬁlnl (1 _ 6r0(T7t)) _ ngﬂf(erg(Tft) _ e—ro(Tft))'
To 4rg
(Appendix D.31)

and Ji(t), K(t), L1(t) and M(t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).
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2 2
ans ans < rt < ans
Case 2. 1< b3 B2m1+b381(ns—mn1) and b2 B2m+b3B81(ns—m1) — €= bif1”

7 n
(a.) For t; <t <T, then q(t) > 2.

Then,;

Ft)="1 4 <t<T (Appendix D.32)
n3

Hence we have
G(T,x1,22,51,52) =
1

5o o (B = Bara = ()T 4 (o(t) + Ka()s7) + (Lalt) + Ma(0)53?).

(Appendix D.33)

and h4(t) = hq(t) the value is in equation (Appendix D.15), Jo(t) = Ji(t),
K1(t) = K(t), La(t) = L1 (t) and M, (t) = M (t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).
(b.) For 0 <t <ty, then g€ (O, %)
Then;

_ 61 + nsa
Bi— B2 (B1— Ba)bieroT—D

G(T7$17x2751a52) =
1
B152

q*(t) = q(t) 0<t<t;. (Appendix D.34)

exp (—fray — Bawn — hs()e" T + (Ja(t) + Ki(t)s; %) + (La(t) + Mi(t)sy ).
(Appendix D.35)

and hs(t) = ho(t) the value is in equation (Appendix D.24), Jo(t) = Ji(1),
Ky(t) = K(t), La(t) = L1(t) and M, (t) = M (t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).

2
an; an. rt
Case 3. 1< b?ﬁ?"]l"!‘b%gl('fh—”ll) and b%62771+bf531(773—771) >e
ForOStﬁT,thenchZ—;.
Then;
() = oy <t<T. (Appendix D.36)

13
Hence we have
G(T,z1,22,51,52) =
1
B152

exp (—frar — Bawz — he ()T + (Ja(t) + Ka(t)sy?) + (La(t) + Ma(t)sy ).
(Appendix D.37)

and hg(t) = hi(t) the value is in equation (Appendix D.15), J3(t) = Ji(t),
Ky (t) = K(t), L3(t) = L1(t) and Ms(t) = M (t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).
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Case 4. 0 < <1, 1< 3 <eroT and % < e’
1

an;

b2 Bam1+b3B1(n3—n1) b3 p1
a m

(a.) For to <t < T then g € (0, )

Then;

. _ B a .
g (t) =q(t) = 5 jﬂg + i = 52@22&0@70 to <t <T. (Appendix D.38)
1

G(T7 x1,T2, 51, 82) =

exp (—Bra1 — Baws — ha(t))e™ T 4 (Ju(t) + Ka(t)s1?) + (La(t) + Ms(t)s3 ).
(Appendix D.39)

and h7(t) = ho(t) the value is in equation (Appendix D.24), Ju(t) = Ji(¢),
K5(t) = K(t), La(t) = L1(t) and M3(t) = M(t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).

1
B152

(b.) For 0 <t < tg then g(t) < 0.

Then;
gct)=qit)=0 0<t<tp. (Appendix D.40)
G(Ta T1,x2,51, 52) =
1

55, P (=Brm1 — Bows — hs(t))e™ ™D + (Ju(t) + Ks(t)s7%) + (La(t) + Ma(t)s; ).
(Appendix D.41)

and hg(t) = hs(t) the value is in equation (Appendix D.31), Ju(t) = Ji(t),
K3(t) = K(t), La(t) = L1(t) and M3(t) = M(t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).

an? an roT ans. t
Case 5. 0 < srgmrsgprom—m = b 1 <agsy < and g = €7
For 0 < ¢ < T then ¢(t) € (0, L.
Then,;
(1) = gt) = =4 154 0<t<T. (Appendix D.42)

T BB (B Bo)en@D

G(Taxlax27slas2) =

L exp (<Brs — fawa — ho(0)e T + (J5(t) + Ka(t)s72) + (La(t) + Ma(t)s3?).

P15z
(Appendix D.43)

and hg(t) = ha(t) the value is in equation (Appendix D.24), J5(t) = Ji(t),
K, (t) = K(t), Ls(t) = L1(t) and M4(t) = M(t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).
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Case 6. 0 <

<1land0< & <1.

an;
b3 B2m1+b381(ns—mn1) b2 61

For 0 <t < T then ¢ <0. Then,;
¢ ) =qt)=0 0<t<T. (Appendix D.44)

G(T7 x1,T2, 51, 82) =

exp (—fra1 — Bawa — hao(1))e™ T 4 (Jo(t) + K5 (t)s1?) + (La(t) + Ms(t)s3 ).
(Appendix D.45)

and hig(t) = hs(t) the value is in equation (Appendix D.31), Js(t) = Ji(t),
K5(t) = K(t), Le(t) = L1(t) and M5(t) = M(t) are given by equations (Appendix D.16),
(Appendix D.11), (Appendix D.17) and (Appendix D.13).

1
B152

Appendix D.0.1 Verification of the Assumptions of Theorem 2

The candidate value functions derived in the preceding cases belong to

C**22([0,T) x R* x RY),

since the functions h(t), J(t), K(t), L(t), and M (t) are continuously differ-
entiable and the exponential form of the value function is twice continuously
differentiable with respect to all state variables.

Furthermore, the candidate value functions satisfy the HJB equation (Appendix B.1)
together with the terminal condition

V(T,x1,x2,51,52) = U(x1,22).

Moreover, the controls (7}, 75, ¢*) attain the supremum in the HIB equa-
tion and satisfy the admissibility conditions stated in Definitions 2.1 and 2.2.
Therefore, by the Verification Theorem, the candidate value functions coincide
with the optimal value functions, and the corresponding controls are optimal.

Appendix D.0.2 Admissibility of the Optimal Controls

The optimal controls (7}, 75, ¢*) are progressively measurable functions of the
state variables. Furthermore, they satisfy the admissibility and integrability
conditions stated in Definitions 2.1 and 2.2. In particular,

E

) (75 (1) + (m3()* + (¢7(t))? ) dt | < co.
I )

Moreover, the optimal reinsurance strategy satisfies

e o],

"3
for all admissible parameter regimes considered in Theorem 1. Hence, the
derived controls belong to the admissible control set and are therefore admissible
strategies.
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Appendix D.0.3 Verification of Terminal Conditions
The auxiliary functions are derived subject to the terminal conditions

hT) =0, J(T)=K(T)=0, L(T)=M(T)=0.
Substituting (¢t = T') into the candidate value function yields

1 e—ﬁ1£1—B2£2’
5152
which coincides with the prescribed terminal utility function. Therefore, the
terminal boundary condition is satisfied.

G(T,Il, x2,S51, 52) =

Appendix D.0.4 Existence and Uniqueness

The controlled wealth and asset-price processes are governed by stochastic dif-
ferential equations whose coefficients satisfy the standard local Lipschitz and
linear growth conditions. Therefore, by classical existence and uniqueness re-
sults for stochastic differential equations, the state process

(X1(t), Xa(t), S1(t), S2(t))

admits a unique strong solution on the interval [0, T].

Furthermore, the auxiliary functions h(t), J(t), K(t), L(t), and M (t) sat-
isfy linear ordinary differential equations subject to terminal conditions. By
standard ODE theory, these equations admit unique solutions on [0,7]. Conse-
quently, the candidate value function is uniquely determined in each admissible
regime.

Appendix E Derivation of the threshold times
to and t

Appendix E.1 To determine the threshold time ¢,

Consider the critical equation

ero(T—t) _ ang .
b3 Bam + b3 61 (N3 —m)
Taking the natural logarithm on both sides yields

2
hl eTO(T*t) — 1n< a7)3 > .
( ) b2Bamy + 0231 (s — m1)

Using the identity In(e®) = x, we obtain

r(T—t)—ln( ang )
0 b2 Bamy + 6231 (s —m) )
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Dividing both sides by r¢ gives

1 an? )
T—t=—1In .
ro (b%ﬂh +03B1(n3 —m)
Subtracting T' from both sides yields

1 anj )
—t=—1In —T.
ro (b:f/@ﬂh + 03813 — m)
Multiplying through by —1, we obtain

1 an; )
t=T——1In .
To <b§»32771 +b1B1(n3 —m)
Since this value corresponds to the critical switching time between admissible
control regimes, we denote it by ty. Hence,

1 an§ )
to=T——1In )
’ ro (bfﬁth + b3 B1(ns —m)

Appendix E.2 To determine the threshold time ¢,
Consider the critical equation

ro(T—t) _ ans
b1
Taking the natural logarithm on both sides yields

ln(emmw) _ 1“(;,6;7753 ) .
1M1

Using the identity In(e®) = x, we obtain

_ arns
ro(T —1t) = hl(b%ﬁl) .

e

Dividing both sides by r¢ gives

1 ans )
T—t=—1In .
70 (b%l

Subtracting 7" from both sides yields

1 ans )
—t=—1n —T.
70 (b%ﬁl

Multiplying both sides by —1, we obtain
1 ans >
t=T——In .
ro < b1/
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Since this value corresponds to the critical switching time between admissible
control regions, we denote it by ¢;. Therefore,

1 ans
ti=T——In( =2 ).
! To n(b%l)
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